The Erdős-Sós Conjecture states that every graph with average degree more than k − 2 contains all trees of order k as subgraphs. In this paper, we consider a variation of the above conjecture: studying the maximum size of an (n, m)-bipartite graph which does not contain all (k, l)-bipartite trees for given integers n ≥ m and k ≥ l. In particular, we determine that the maximum size of an (n, m)-bipartite graph which does not contain all (n, m)-bipartite trees as subgraphs (or all (k, 2)-bipartite trees as subgraphs, respectively). Furthermore, all these extremal graphs are characterized.
Introduction
The graphs considered in this paper are finite, undirected, and simple (no loops or multiple edges). Let G = G[V ; E] be a graph with vertex set V and edge set E. The number of vertices in V is called order of G and the number of edges in E is called size of G, denoted by e(G). The degree of v ∈ V , the number of edges incident to v, is denoted by d G (v) and the set of neighbors of v is denoted by N G (v). Moreover, a vertex of degree one is called a pendent vertex. If u and v in V are adjacent, we say that u hits v and v hits u. If u and v are not adjacent, we say that u misses v and v misses u. The path with n vertices is denoted by P n , the star with n vertices is denoted by K 1,n−1 (K 1,0 is an isolated vertex, and K 1,1 is an edge), the cycle with n vertices is denoted by C n , and the double star with k 1 + k 2 vertices which is obtained from two stars K 1,k1−1 and K 1,k2−1 by joining an edge between two central vertices with degree k 1 − 1, k 2 − 1 is denoted by S k1,k2 . Let G and H be two vertex disjoint graphs. Denote by G ∪ H the vertex disjoint union L of bipartite graphs, the maximum value e(B n,m ) of B n,m under the condition that B n,m does not contain L ∈ L is denoted by ex(n, m; L). Furthermore, if a bipartite graph B n,m with ex(n, m; L) edges does not contain L ∈ L, then this bipartite graph is called an extremal bipartite graph for L. In 1959, Erdős and Gallai [10] proved the following theorem.
Theorem 1.1 Let G be a graph with avedeg(G) > k − 2. Then G contains a path of order k as a subgraph.
Based on the above theorem and related results, Erdős and Sós proposed the following well known conjecture (for example, see [11] ). Conjecture 1.2 Let G be a graph with avedeg(G) > k − 2. Then G contains all trees of order k. Furthermore,
where T k is the set of all trees of order k.
In [1, 2, 3] , Ajtai, Komlós, Simonovits and Szemerédi proved that the Erdős-Sós Conjecture is true for sufficiently large k. Fan [12] proved that the Erdős-Sós Conjecture holds for the spiders of large size. More results on this conjecture can be referred to [4, 6, 8, 9, 18, 20, 22, 23, 24, 25, 26] . On the extremal problems on complete bipartite graph, Kővári, Sós and Turán [17] proved the following result: Theorem 1.3 [17] The maximum size of a graph containing no complete bipartite graph K a,b is at most Füredi and Simonovits [14] written a survey on extremal graph theory focusing on the cases when one of the excluded graphs is bipartite. For example, Győri [16] proved that ex(n, m; C 6 ) < 2n + m 2 2 . Gyárfás, Rousseau and Schelp [15] proved that the following theorem. for m ≤ l − 1; (l − 1)n, for l − 1 < m < 2(l − 1); (l − 1)(n + m − 2l + 2), for m ≥ 2(l − 1).
Furthermore, (1) . If m ≤ l − 1, then all extremal graphs are K n,m . (2) . If l − 1 < m < 2(l − 1), then all extremal graphs are K l−1,n ∪ (m − l + 1) · K 1 . (3) . If m ≥ 2(l − 1), then all extremal graphs are K l−1,m−l+1 ∪ K l−1,n−l+1 ; or K l−1,i ∪ K l−1,n−i for i = 0, 1, . . . , ⌊ n 2 ⌋, when m = 2(l − 1). Moreover, they [15] also determined ex(n, m; P 2l+1 ) and the extremal graphs. The related results about the extremal graphs with focusing on the case when one of the excluded graphs is bipartite can be referred to [5, 13, 21] . Motivated by Erdős-Sós Conjecture and the above results, in this paper, we propose the following problem. Question 1.5 Determine ex(n, m; T k,l ) and characterize all extremal graphs, where T k,l is set of all (k, l)-bipartite trees of order k + l.
The main results in this paper are stated as follows. Furthermore, (1) . If n = m, then all extremal graphs for T n,n are (n, n)-bipartite graphs G[U, V ; E] such that the degree of each vertex in U (or V ) is n − 1. Moreover, for small k and l we have the following results.
for else.
The rest of this paper is organized as follows. In Sections 2, 3 and 4, the proofs of Theorems 1.6, 1.7 and 1.8 are presented, respectively. Furthermore, all extremal graphs in Theorem 1.6, 1.7 and 1.8 are characterized.
Proof of Theorem 1.6
First we prove a simple result: ex(B n,n , C 2n ) = n(n − 1) + 1, and characterize all the extremal graphs. The proof of this result depends on the following result [7] by Chvátal which strengthens a result [19] of Moon and Moser on Hamiltonian cycles in bipartite graphs.
then B n,n is Hamiltonian. If (1) does not hold, then there exists a non-Hamiltonian bipartite graph
Lemma 2.2 Let B n,n = G[U, V ; E] be a bipartite graph with |U | = |V | = n ≥ 2. Then ex(n, n; C 2n ) = n 2 − n + 1.
Furthermore, if a bipartite graph B n,n with n 2 − n + 1 edges does not contain C 2n as a subgraph, then B n,n = K n,n−1 + e. In other words, if
holds, then G is Hamiltonian unless B n,n is the graph obtained from K n,n−1 by adding a pendent edge, i.e., B n,n = K n,n−1 + e.
Proof. Let U = {u 1 , . . . , u n } and
Suppose that B n,n is not Hamiltonian. Then by Lemma 2.1, there is a vertex
= n, and hence B n,n = K n,n−1 + e.
In order to prove Theorem 1.6, we need some lemmas. Proof. We prove the statement by induction on n + m. Since all the pendent vertices of T are in U , n + m ≥ 3. It is easy to see the assertion holds for n + m = 3. Assume the assertion holds for n + m − 1. Now let u in U be a pendent vertex of T n,m and v be its neighbour in V . If v is not a pendent vertex of T n−1,m = T n,m − {u}, then all pendent vertices in T n−1,m are in U \ {u} and by the induction hypothesis, n − 1 > m. So the assertion holds. If v is a pendent vertex of T n−1,m = T n,m − {u}, then all pendent vertices in T n−1,m−1 = T n,m − {u, v} are in U \ {u}. Hence by the induction hypothesis, n − 1 > m − 1, which implies |U | > |V |. Moreover, we need the following notation.
then we say that
B n,n strongly contains T n,n as a subgraph.
Lemma 2.6 Let B n,n = G[U, V ; E] be a bipartite graph with U = {u 1 , . . . , u n } and
, where n ≥ 3. If e(B n,n ) ≥ n(n − 1), then B n,n strongly contains all trees in T n,n as subgraphs, unless the degree of each vertex in U (or V ) is n − 1.
Proof. It is sufficient for us to prove that B n,n with e(B n,n ) = n(n − 1) and d(u n ) = d(v n ) = n strongly contains all trees in T n,n as subgraphs for n ≥ 3. For n = 3, it follows from Figure 1 that the assertion holds. 
Assume the assertion holds for n − 1. Let
Let y 0 be a pendent vertex of T n,n and x be the unique neighbor of y 0 in T n,n , say, y 0 ∈ V ′ and x ∈ U ′ . Let {y 0 , y 1 , . . . , y t } be the set of all neighbors of x in T n,n . So, 1 ≤ t ≤ n − 1. Note that T n,n − {x, y 0 } consists of t components each containing exactly one vertex in {y 1 , . . . , y t }. Let x ′ be a vertex in T n,n that belongs to the partite set same as x. We may assume that x ′ and y 1 are contained in the same component in T n,n − {x, y 0 }. Then let T ′ n−1,n−1 be the graph obtained from T n,n − {x, y 0 } by adding the edges x ′ y i for 2 ≤ i ≤ t. Note that T ′ n−1,n−1 is a tree in T n−1,n−1 . Then by the induction hypothesis, there exists an embedding f ′ :
, and hence the exceptional case cannot occur). Then let f be the mapping from T n,n to B n,n defined as follows:
• For any vertex z with z = x, y 0 , we have f (z) = f ′ (z).
• Define f (x) = u n , and f (y 0 ) = v 1 .
• For any edge zw in T n,n , if {z, w} ∩ {x,
• For 1 ≤ i ≤ t, define f (xy i ) as the edge in B n,n connecting u n and f (y i ) (since d(u n ) = n, such an edge must exist.).
• Define f (xy 0 ) as the edge in T n,n connecting u n and v 1 .
We see that this map is indeed an embedding of T n,n into B n,n with f (U ′ ) = U and f (V ′ ) = V.
Since we may also assume that d(v n ) = n and d(u 1 ) ≤ n − 2, similarly, there exists an embedding g of T n,n into B n,n with g(V ′ ) = U and g(U ′ ) = V. So we finish our proof.
Proof. Assume that B n,m with e(B n,m ) ≥ m(n − 1) does not satisfy that
We will prove this lemma by induction on m. For m = 1, 2, it is trivial and assume that m ≥ 3.
Lemma 2.4, T n,m has a pendent vertex in U ′ . Let y 0 ∈ U ′ be a pendent vertex of T n,n and x ∈ V ′ be the unique neighbor of y 0 in T n,m . Let T ′ n−1,m−1 be obtained by the same way as Lemma 2.6. We consider the following four cases.
We consider the following two subcases.
It is easy to see that in all of the above cases B We are ready to prove the main Theorem 1.6.
Proof. It follows from Lemmas 2.6 and 2.7 that Theorem 1.6 holds.
3 Proof of Theorem 1.7 Theorem 1.7 can be proven by the following several Lemmas.
Proof. Clearly there is only one tree P 4 in T 2,2 . Let B n,m be an (n, m)-bipartite graph with e(B n,m ) ≥ n + m − 1. If B n,m is connected, then B n,m contains P 4 as a subgraph; if B n,m is disconnected, then there is a component which contains a cycle, hence B n,m contains P 4 as a subgraph. Moreover, K 1,n−1 ∪ K 1,m−1 does not contain P 4 as a subgraph. Hence ex(n, m; T 2,2 ) = n + m − 2. Furthermore, let B n,m be any extremal graph with n + m − 2 edges, then B n,m has exactly two components which are stars. Hence
The following simple proposition is useful for the proof of the next four lemmas. Proposition 3.2 Let B n,m be any graph which does not contain all trees in T k,2 as subgraphs. Then
Proof. Let T k,2 be any (k, 2)-bipartite tree in T k,2 . Without loss of generality, we may assume that
We consider the following three cases.
Hence B n,2 contains all trees in T k,2 as subgraphs. It is easy to see that all extremal graphs are (n, 2)-bipartite graphs
be any (n, 2)-bipartite graph with e(B n,2 ) ≥ 2(k − 1) + 1. Similarly as Cases 1 and 2, it is easy to see that ex(n, 2; T k,2 ) = n + ⌈ k 2 ⌉ − 1 and all extremal graphs are (n, 2)-bipartite graphs with d(v 1 ) = n, and 
which is a contradiction. Furthermore, we have
So B n,m contains all trees in T k,2 as subgraphs. On the other hand, we have 
which is a contradiction. Then v m−1 and v m do not have a common neighbor, otherwise B n,m contains all trees in T k,2 as subgraphs. So
which is a contradiction. Hence d(v m ) = n − k + 1. On the other hand, 
v m−1 and v m have at least one common neighbor and B n,m contains all trees in T k,2 as subgraphs, which is a contradiction. Furthermore, we claim s
by n ≤ 2k − 2 and k ≥ m ≥ 3, which is a contradiction. Hence
which implies that Proof. (1). We prove the assertion holds by induction on m. If m = k − 1, then the degree of each vertex in V is n. Hence B n,m contains all trees in T k,2 as subgraphs. Assume that the assertion holds for less than m.
, where p, q, r ≥ 0 and p + q + r = n. If r = 0, then p = 0 and q = n by e(B n,m ) ≥ (k − 1)n. Moreover, there is a vertex in V with degree at least k by n > m, otherwise e(B n,m ) ≤ m(k − 1) < n(k − 1).
Hence B n,m contains all trees in T k,2 as subgraphs. So we may assume that r > 0 and d(u i ) = k − 1 + x i for i = p+ q + 1, . . . , n where x i ≥ 1. Furthermore, if there are two vertices of {u p+q+1 , . . . , u n } which share the same neighbor or one vertex of {u p+1 , . . . , u p+q } and one vertex of {u p+q+1 , . . . , u n } which share the same neighbor, then B n,m contains all trees in T k,2 and the assertion holds. So assume that
for i, j = p + q + 1, . . . , n, i = j, or i = p + 1, . . . , p + q and j = p + q + 1, . . . , n. On the other hand, 2). It is sufficient to prove that any non-regular bipartite graph B n,n with e(B n,n ) ≥ (k − 1)n contains all trees in T k,2 as subgraphs. If n = m = k − 1, it is trivial. If n = m ≥ k, then there exists a vertex with degree at least k. Suppose that B n,n does not contain all trees in T k,2 as subgraphs.
, where p ≥ 0, q ≥ 0, r ≥ 1 and p + q + r = n. Recall that the vertices with degree more than ⌈ k 2 ⌉ − 1 can not share a common neighbor with the vertices with degree more than k − 1, and hence we can consider the following three cases which are based on the number of neighbors of {u p+q+1 , . . . , u p+q+r }.
There are at most n − n i=p+q+1 d(u i ) vertices in U with degree k − 1. Otherwise, the induced subgraph of B n,n with vertex sets {u p+1 , . . . , u p+q } and V \ ∪ n i=p+q+1 N (u i ) satisfies (1) . Hence B n,n will contain all trees in T k,2 as subgraphs. Therefore
All of the above three cases contradict e(B n,n ) ≥ (k − 1)n. 
which is a contradiction. Let U = {u 1 , . . . , u n } and
Furthermore, we have the following claim. 
which is a contradiction. Hence the claim holds. Now we consider the following four cases.
which is a contradiction.
, where p = 0 means that the degree of all vertices in V is at least k − 1. By 
edges and s ≥ k − 1. By Lemma 3.5, we have p = m − l − s > 0 and B s,m−l−p is a (k − 1)-regular bipartite graph, which contains all trees in T k,2 as subgraphs except the tree with one vertex with degree k.
Since k ≥ 3 and p > 0, then either the neighbors of v 1 lie in ∪ n j=m−l+1 N (v j ) or U \ ∪ n j=m−l+1 N (v j ), hence B n,m must contain the tree with one vertex with degree k as a subgraph (recall that B s,m−l−p is a (k − 1)-regular bipartite graph). Hence, B n,m contains all trees in T k,2 as subgraphs, which is a contradiction. Case 1.4. s ≤ k − 2. We claim that any vertex in V ′ with degree at most s. Otherwise, there must be a vertex in V ′ with degree more than ⌈ k 2 ⌉ − 1 sharing at least one common neighbour of a vertex with degree more than k − 1, which contradicts Proposition 3.2. Hence
with equality holds if and only if l = 1, (2). Suppose that n − m ≤ k − 2. Let B n,m = G[U, V ; E] be an (n, m)-bipartite graph with (k − 1)m edges which does not contain all trees in T k,2 as subgraphs, where U = {u 1 , . . . , u n } and V = {v 1 , . . . , v m }. We consider the following two cases.
Case 2.1. The degree of every vertex in V is at most k − 1. Then by (k − 1)m = e(B n,m ), the degree of every vertex in V is k − 1. Hence by (k − 1)m > m + (k − 2) ≥ n, there exist two vertices in V such that they have a common neighbor. So B n,m contains all trees in T k,2 as subgraphs except the tree with one vertex with degree k. Hence d(u i ) ≤ k − 1 for i = 1, . . . , n, otherwise B n,m contains all trees in T k,2 as subgraphs.
Case 2.2. There exists at least one vertex in V with degree at least k.
with l ≥ 1, and
Moreover, let
be a bipartite graph with U n− 
Clearly the degree of every vertex in
,m−l−p does not contain all trees in T k,2 as subgraphs, and
by Lemma 3.5 we have 
Proof of Theorem 1.8
Since there are exactly three trees G 1 ,G 2 and G 3 (see Figure 1 ) in T 3,3 , we have the following result for small m and n. Figure 2) . (6) . If m = 4 and n ≥ 6, then all the extremal graphs for T 3,3 are B n,4 = G[U, V ; E] such that any vertex in U has degree two. Proof. If n = m = 5, it is easy to see that the assertion holds. Now assume that m ≥ 5 and n ≥ 6. Let B n,m = G[U, V ; E] be an (n, m)-bipartite graph with e(B n,m ) = 2n + 2m − 8 which does not contain G 1 as a subgraph. Let U 1 and V 1 be set of the vertices in U and V with degree more than two, respectively. Denote by U 2 = U \ U 1 and V 2 = V \ V 1 . Since B n,m does not contain G 1 as a subgraph, any vertex in U 1 does not hit any vertex in V 1 . So 
